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Abstract Subsampling has emerged as an appealing
strategy to mitigate the computational and storage
challenges imposed by large datasets. Recent subsam-
pling techniques have shown notable computational
gains for data dominated by numerical predictors.
However, real-world datasets frequently contain both
numerical and categorical predictors. Traditional
treatments of categorical predictors commonly use
dummy coding, which can lead to substantial dimen-
sional expansion and added complexity during sub-
sampling. To address these challenges, we propose
a new mixed-type optimal subsampling technique
(MOST) specifically designed for both numerical and
categorical predictors. By enforcing combinatorial
orthogonality, MOST effectively captures the infor-
mative structure of mixed-type predictors, enabling
more efficient subdata estimators. Simulation studies
and real-data applications demonstrate the superior
accuracy and computational benefits of MOST com-
pared to existing subsampling methods.

Résumé Le sous-échantillonnage s’est imposé
comme une stratégie attrayante pour atténuer les
difficultés de calcul et de stockage imposées par les
grands jeux de données. Les techniques récentes de
sous-échantillonnage ont montré des gains de cal-
cul notables pour des données dominées par des
prédicteurs numériques. Toutefois, les jeux de don-
nées réels contiennent fréquemment à la fois des
prédicteurs numériques et catégoriels. Les traite-
ments traditionnels des prédicteurs catégoriels
recourent couramment au codage par variables
muettes, ce qui peut entraîner une augmentation
substantielle de la dimension et une complexité
accrue lors du sous-échantillonnage. Pour relever
ces défis, nous proposons une nouvelle technique
de sous-échantillonnage optimal de type mixte
(MOST), spécialement conçue pour les prédicteurs
à la fois numériques et catégoriels. En imposant une
orthogonalité combinatoire, MOST saisit efficace-
ment la structure informative des prédicteurs de type
mixte et produit des estimateurs sur sous-données
plus performants. Des études de simulation et des
applications sur données réelles démontrent la pré-
cision supérieure et les avantages de calcul de MOST
par rapport aux méthodes de sous-échantillonnage
existantes.
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1 Introduction
The exponential growth in dataset sizes has introduced unprecedented challenges for researchers. Traditional
statistical and machine learning methods often become inefficient or even impractical for large datasets due to
limitations in memory and computational resources (Fan et al., 2014; Meeker and Hong, 2014). Subsampling
methods provide a practical solution for reducing storage and computational demands when analyzing large
datasets. Beyond storage and computation, subsampling is crucial in measurement-constrained problems
where labels or responses can be observed only for a subset of observations (Yu et al., 2025; Wang, 2026).
Among existing subsampling methods, uniform subsampling selects subdata by assigning equal probability
to each data point in the full dataset. Although uniform subsampling is simple to implement, its effectiveness
is often limited, as it may fail to capture valuable information embedded in the full data. Ma and Sun (2015)
proposed a leverage score–based subsampling method (LEV) and demonstrated its theoretical and numerical
advantages for linear regression. Wang et al. (2019) proposed an information-based optimal subdata selection
(IBOSS) method based on the 𝐷-optimality criterion, which outperforms LEV theoretically and numerically.
Wang et al. (2021) proposed an orthogonal subsampling (OSS) approach and demonstrated its superiority for
linear regression. Subsampling methods have also been extensively studied in a variety of other contexts. For
instance, Ai et al. (2021) considered optimal sampling methods under the generalized linear model, Wang and
Ma (2021) and Fan et al. (2021) investigated subsampling approaches for quantile regression, Ren et al. (2023)
and Yang et al. (2024) presented subsampling methods for the multiplicative model, Zhu et al. (2024) focused
on optimal subsampling for linear mixed models, and Chang (2023) developed an optimal subsampling method
under a Gaussian process model. Ren et al. (2024) introduced a robust optimal subsampling framework based
on double robustness. Subsampling for nonparametric regression has been addressed by Meng et al. (2020),
Sun et al. (2021), and Zhang et al. (2024). For model-free scenarios, notable contributions include Mak and
Joseph (2018), Song et al. (2022), Zhou et al. (2024), and Chang (2024). Furthermore, optimal subsampling
methods in distributed environments have been studied by Zhang and Wang (2021), Yu et al. (2022), and Fan
et al. (2024).

Most existing subsampling strategies focus on numerical predictors, with relatively little attention paid to
categorical predictors. Handling categorical data often involves dummy coding, which creates a new variable
for each level (category). Dummy coding can lead to substantial dimensional expansion and increased com-
putational demands. Consequently, applying existing subsampling methods directly to dummy variables often
intensifies the challenges associated with large datasets. To address this gap, Wang (2026) introduced balanced
subsampling, a method specifically designed to select optimal subdata when working with categorical predic-
tors. Despite this advancement, there remains a lack of optimal subsampling methods specifically designed
for mixed-type big data containing both numerical and categorical predictors, which are commonly found
in large datasets. For example, the airline dataset spanning from 2018 to April 2023 (https://www.kaggle
.com/datasets/arvindnagaonkar/flight-delay/) contains over 30 million records. It has been exten-
sively studied to reveal the dynamics of air travel, with representative analyses available in open-source projects
such as the one available at https://github.com/alaahgag/BigData_Processing_Using_Spark/. In the
modelling framework, predictors such as weekend/weekday status and flight distance can be regarded as cat-
egorical and numerical variables, respectively, which influence flight delays. Similarly, the diamond dataset
(https://www.kaggle.com/datasets/shivam2503/diamonds/) includes about 54,000 records, with dia-
mond colour as a categorical predictor and dimensions such as length and width as numerical predictors used
to analyze factors affecting diamond price. The challenge of handling complex mixed-type data lies in address-
ing not only the unique issues associated with categorical and numerical predictors but also their interactions.
Effectively resolving these challenges enables the efficient capture of valuable information within each type and
across their interactions. This is closely related to the field of experimental design, where similar challenges are
tackled using approaches such as mixed orthogonal arrays (MOA) (Hedayat et al., 1999), mixed-level supersat-
urated design (Sun et al., 2011), marginally coupled design (Deng et al., 2015; He et al., 2019), and optimal
clustered-sliced Latin hypercube design (Huang et al., 2016). Building on the principles of these designs can
help address these challenges and guide the selection of optimal subdata.

In this article, we propose our own mixed-type optimal subsampling technique (MOST), an optimal sub-
sampling method designed for mixed-type data that includes both categorical and numerical predictors. MOST
aims to select subdata that ensure combinatorial orthogonality within and across categorical and numerical
predictors. This approach builds on the concept of approximating an MOA for optimal subdata selection,
previously applied separately to numerical and categorical predictors in Wang et al. (2021) and Wang (2026).
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Our key contribution is to extend the optimality of MOAs to linear regression with mixed-type predictors,
thereby ensuring accurate parameter estimation and reliable predictions based on the selected subdata.
Extensive numerical results show that MOST outperforms existing subsampling methods in minimizing the
mean squared error (MSE) for both parameter estimation and prediction.

The remainder of the article is organized as follows. Section 2 introduces the notation and background.
Section 3 investigates the optimal properties of MOAs, based on which we present the proposed method, MOST,
and describe its implementation algorithm. Sections 4 and 5 evaluate the method through simulation and
real-world studies. Section 6 concludes the article with some discussion. All technical proofs and additional
simulation results are provided in Supplementary Material.

2 Notation and background
Denote the full data as 𝐹 = {(𝑥𝑖, 𝑢𝑖, 𝑦𝑖)}𝑁𝑖=1, where 𝑥𝑖 = (𝑥𝑖1, … , 𝑥𝑖𝑝1) consists of 𝑝1 numerical predictors, 𝑢𝑖 =
(𝑢𝑖1, … , 𝑢𝑖𝑝2) consists of 𝑝2 categorical predictors, and 𝑦𝑖 is the corresponding response. Each categorical predic-
tor 𝑢⋅𝑗, having 𝑞𝑗 levels, is coded into 𝑞𝑗 − 1 dummy variables. Let 𝑧𝑖,𝑗𝑘 be the value of the 𝑘th dummy variable
for 𝑢𝑖𝑗 , 𝑗 ∈ {1, … , 𝑝2} and 𝑘 ∈ {1, … , 𝑞𝑗 − 1}. We consider the following linear model:

𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖1 + … + 𝛽𝑝1𝑥𝑖𝑝1

+
𝑞1−1∑

𝑘=1
𝛽1𝑘𝑧𝑖,1𝑘 + …+

𝑞𝑝2 −1∑

𝑘=1
𝛽𝑝2𝑘𝑧𝑖,𝑝2𝑘 + 𝜀𝑖, 𝑖 = 1, … ,𝑁, (1)

where 𝜀𝑖 is the independent normal random error with mean 0 and variance 𝜎2. Let 𝑧𝑖 = (1, 𝑥𝑖1, … , 𝑥𝑖𝑝1 , 𝑧𝑖,11, … ,
𝑧𝑖,𝑝2(𝑞𝑝2 −1))⊤, 𝑍 = (𝑧1, … , 𝑧𝑁)⊤, 𝛽 = (𝛽0, 𝛽1, … , 𝛽𝑝1 , 𝛽11, … , 𝛽𝑝2(𝑞𝑝2 −1))⊤, 𝜀 = (𝜀1, … , 𝜀𝑁)⊤, and 𝑦 = (𝑦1, … , 𝑦𝑁)⊤.
The matrix form of the model in (1) is given by

𝑦 = 𝑍𝛽 + 𝜀. (2)

We are commonly interested in the estimator of 𝛽, whose ordinary least squares (OLS) estimator based on the
full data is given by

𝛽 = (𝑍⊤𝑍)−1𝑍⊤𝑦.

The dimensionality of 𝑍 is 𝑝 = 1 + 𝑝1 +
∑𝑝2

𝑖=1(𝑞𝑗 − 1), so the estimator 𝛽 requires a time complexity of 𝑂(𝑁𝑝2 +
𝑝3). When 𝑁 is large, the term 𝑂(𝑁𝑝2) dominates the computational cost. The magnitude of 𝑞𝑗 is squared in 𝑝2

and then scaled by 𝑁. Therefore, even moderate values of 𝑞𝑗 can significantly increase the computational bur-
den, particularly for large 𝑁. As a result, the high computational demands of calculating 𝛽 make it challenging
to compute in practice.

Now consider taking a subset of size 𝑛 from the full data. Denote the subdata as 𝑆 = {(𝑥∗
𝑖 , 𝑢

∗
𝑖 , 𝑦

∗
𝑖 )}

𝑛
𝑖=1. Let 𝑍𝑆

be the submatrix of 𝑍 corresponding to the subdata 𝑆 and 𝑦𝑆 be the corresponding response. The OLS estimator
based on the subdata is given by

𝛽∗ = (𝑍⊤
𝑆 𝑍𝑆)−1𝑍⊤

𝑆 𝑦𝑆.

Taking expectation and variance for 𝛽∗, respectively, we have

E(𝛽∗) = 𝛽, and Var(𝛽∗) = (𝑍⊤
𝑆 𝑍𝑆)−1 = 𝑀−1

𝑆 ,

where
𝑀𝑆 = 𝑍⊤

𝑆 𝑍𝑆

is the information matrix of the subdata. The optimal subdata should minimize Var(𝛽∗) in some manner, which
can be obtained by minimizing an optimality function of 𝑀−1

𝑆 . Denote 𝜓 as the optimality function. Finding
the optimal subdata is to solve the following optimization problem:

𝑆𝑜𝑝𝑡 = arg min
𝑆

𝜓(𝑀−1
𝑆 )

𝑠.𝑡. 𝑆 contains 𝑛 points. (3)
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The approach of selecting an optimal set of subdata through (3) aligns with the idea of optimal experi-
mental design proposed by Kiefer (1959). Common optimality criteria include 𝐷-optimality and 𝐴-optimality.
𝐷-optimality seeks to minimize the uncertainty in estimating the parameter 𝛽 by compressing the volume of
the confidence ellipsoid, which is achieved by setting the optimization function 𝜓 as the determinant function.
𝐴-optimality aims to reduce the average variance of parameter estimates by defining the optimization function
𝜓 as the trace function. Wang et al. (2021) and Wang (2026) used the same optimization problem to identify
optimal subdata for datasets containing only numerical or only categorical predictors, which are special cases
considered in this article. For datasets with only numerical predictors (i.e., 𝑝2 = 0), assume each predictor is
scaled to the range [−1, 1]. Wang et al. (2021) defined a discrepancy function

Δ(1)(𝑆) =
∑

1≤𝑖<𝑗≤𝑛
[𝑝1 − ‖‖‖‖𝑥

∗
𝑖
‖‖‖‖

2/
2 −

‖‖‖‖‖𝑥
∗
𝑗
‖‖‖‖‖

2/
2+

𝑝1∑

𝑘=1
𝐼
(
sign(𝑥∗

𝑖𝑘), sign(𝑥∗
𝑗𝑘)

)
]

2

, (4)

where 𝐼(⋅) is the indicator function and sign(𝑥) is the sign of 𝑥. The OSS algorithm proposed by Wang
et al. (2021) selects subdata by minimizing the discrepancy function defined in (4). For datasets with only
categorical predictors (i.e., 𝑝1 = 0), Wang (2026) defined a discrepancy function

Δ(2)(𝑆) =
∑

1≤𝑖<𝑗≤𝑛

[
𝛿
(
𝑢∗

𝑖 , 𝑢
∗
𝑗

)]2
, (5)

where

𝛿
(
𝑢∗

𝑖 , 𝑢
∗
𝑗

)
=

𝑝2∑

𝑘=1
𝑞𝑘𝐼

(
𝑢∗

𝑖𝑘, 𝑢
∗
𝑗𝑘

)
, (6)

𝐼
(
𝑢∗

𝑖𝑘, 𝑢
∗
𝑗𝑘

)
is the indicator function that equals 1 if 𝑢∗

𝑖𝑘 = 𝑢∗
𝑗𝑘 and 0 otherwise, and 𝑞𝑘 is the number of

levels of the 𝑘th categorical predictor. Balanced subsampling proposed by Wang (2026) selects subdata
by minimizing the discrepancy function defined in (5). Both discrepancies in (4) and (5) measure the
distortion of the combinatorial orthogonality of the subdata. Minimizing these discrepancies ensures the
selection of subdata with the highest combinatorial orthogonality. For datasets containing both numerical
and categorical predictors, an intuitive approach is to select a subset of the data that minimizes a com-
bined discrepancy function by summing (4) and (5). However, this method ensures optimality only for
the numerical and categorical predictors separately, without accounting for interactions between them. To
address this, we propose an optimal subsampling algorithm that simultaneously accounts for combinato-
rial orthogonality within each predictor type and across their interactions, enabling the selection of truly
optimal subdata.

3 Main method
We first establish the theoretical optimization of MOAs under model (2), which serves as the basis for develop-
ing the optimal subsampling method.

An 𝑀𝑂𝐴(𝑛, 𝑞𝑑1
1 𝑞𝑑2

2 · · · 𝑞𝑑𝑣
𝑣 , 𝑡) is an array of size 𝑛 × 𝑑, where 𝑑 = 𝑑1 + 𝑑2 + · · · + 𝑑𝑣 is the total number

of predictors, in which the first 𝑑1 predictors (columns) have 𝑞1 levels, the next 𝑑2 predictors have 𝑞2 levels,
and so on, with the property that every possible 𝑡-tuple appears equally often in any 𝑛 × 𝑡 subarray. Here,
𝑡 is called the strength of an MOA, and the levels can be represented with any symbols. In the special case
where all 𝑞𝑖 ’s are equal, the MOA is called a fixed-level orthogonal array (OA). The reader is referred to
Hedayat et al. (1999) for a comprehensive introduction to MOAs and fixed-level OAs. Here is an example of
an 𝑀𝑂𝐴(8, 224, 2):

⎛
⎜
⎜
⎝

− 1 1 −1 1 −1 1 −1 1
− 1 1 −1 1 1 −1 1 −1

1 1 2 2 3 3 4 4

⎞
⎟
⎟
⎠

⊤

.

The first two predictors have two levels, represented by −1 and 1, and the last predictor has four levels, rep-
resented by 1,2,3, and 4. The symbols used to represent factor levels are purely notational. For each predictor,
any one-to-one relabelling of its levels preserves the MOA property. In the MOA literature, it is common to use
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the same set of symbols across factors to simplify notation and presentation. In this article, we use {−1, 1} for
two-level predictors for reasons discussed below. This choice does not affect the orthogonality or combinatorial
balance of the MOA.

Now consider selecting optimal subdata from the full data. Recall that we denote the full data as 𝐹 =
{(𝑥𝑖, 𝑢𝑖, 𝑦𝑖)}𝑁𝑖=1, where 𝑥𝑖 = (𝑥𝑖1, … , 𝑥𝑖𝑝1) consists of 𝑝1 numerical predictors and 𝑢𝑖 = (𝑢𝑖1, … , 𝑢𝑖𝑝2) consists of 𝑝2
categorical predictors. Without loss of generality, we assume that each numerical predictor is scaled to [−1, 1].
The following theorem, which guides our main method, establishes the optimality of MOAs for model (2).

Theorem 1. For full data with 𝑝1 numerical predictors and 𝑝2 categorical predictors, a subdata set 𝑆 =
{(𝑥∗

𝑖 , 𝑢
∗
𝑖 , 𝑦

∗
𝑖 )}

𝑛
𝑖=1 is 𝐷- and 𝐴-optimal if its design matrix {(𝑥∗

𝑖 , 𝑢
∗
𝑖 )}

𝑛
𝑖=1 forms an 𝑀𝑂𝐴(𝑛, 2𝑝1𝑞1 · · · 𝑞𝑝2 , 2), where

the two levels corresponding to the 𝑝1 numerical predictors are {−1, 1}, and 𝑞1, · · · , 𝑞𝑝2 are the number of levels
of the 𝑝2 categorical predictors.

By Theorem 1, the 𝐷- and 𝐴-optimal subdata should exhibit combined orthogonality, suggesting the
selection of subdata that approximate an MOA of strength 2. First, the numerical predictors should form a
two-level 𝑂𝐴(𝑛, 2𝑝1 , 2), where the two levels represent the extreme values of the numerical predictors. Since
the numerical predictors are scaled to [−1, 1], these two levels are represented using {−1, 1}. This approach
aligns with the findings in Wang et al. (2021). Second, the categorical predictors form an 𝑀𝑂𝐴(𝑛, 𝑞1 · · · 𝑞𝑝2 , 2),
where the levels can be represented using any symbols. Additionally, these two parts should jointly form
an 𝑀𝑂𝐴(𝑛, 2𝑝1𝑞1 · · · 𝑞𝑝2 , 2), ensuring combinatorial orthogonality between the numerical and categorical
predictors. At this point, the information matrix 𝑀𝑆 achieves its maximum under both 𝐷- and 𝐴-optimality
criteria, with the estimator 𝛽∗ minimizing the corresponding covariance matrix.

Practical questions in the study of MOAs concern whether arrays exist for specified design sizes and level
structures, and how to construct them. Substantial progress has been made over the past few decades. For
strength 2, Wu (1991) and Hedayat et al. (1992) established existence conditions and proposed constructive algo-
rithms. Recursive techniques that scale to high dimensions were introduced by Suen et al. (2001). Comprehen-
sive summaries of construction strategies, especially for multifactor and mixed-level settings, are provided in
Hedayat et al. (1999). For higher strengths, Pang et al. (2021) developed efficient algorithms. A recent overview
that consolidates core concepts, applications, and links to related areas appears in Lin and Stufken (2025).
Despite these advances, existence and construction remain challenging for many parameter combinations
and warrant further study. Additionally, these theoretical challenges are compounded in real applications
because exact MOA structures are rarely present in full datasets. Our aim, therefore, is not to recover an
MOA but to construct a subdata set that closely approximates the optimal structure and attains asymptotic
optimality. This approach preserves the key theoretical guarantees while remaining broadly applicable in
real-world settings.

Inspired by Theorem 1 and the above discussion, we propose a mixed-type optimal subsampling technique
(MOST) to select subdata. One advantage of our method is that it does not rely on the existence of an MOA.
Instead, we use a discrepancy measure 𝐿(𝑆) to quantify the distinction between the subdata and an MOA.
Define the discrepancy function for subdata containing mixed-type predictors as

𝐿(𝑆) =
∑

1≤𝑖<𝑗≤𝑛

[
2𝑝1 − ||𝑥∗

𝑖 ||
2 − ||𝑥∗

𝑗 ||
2 + 𝛿

(
sign(𝑥∗

𝑖 ), sign(𝑥∗
𝑗 )

)
+ 𝛿

(
𝑢∗

𝑖 , 𝑢
∗
𝑗

)]2
, (7)

where 𝛿 is defined in (6). Note that

𝛿
(
sign(𝑥∗

𝑖 ), sign(𝑥∗
𝑗 )

)
= 2

𝑝1∑

𝑘=1
𝐼
(
sign(𝑥∗

𝑖𝑘), sign(𝑥∗
𝑗𝑘)

)

because we take the signs (or extreme values) of a numerical predictor as two levels. The proposed MOST
approach seeks the subdata 𝑆 that minimizes 𝐿(𝑆). That is, MOST solves the following optimization problem:

𝑆𝑜𝑝𝑡 = arg min
𝑆

𝐿(𝑆),

𝑠.𝑡. 𝑆 contains 𝑛 points. (8)
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6 of 14 ZHU, WANG, AND SUN

The discrepancy function 𝐿(𝑆) in (7) can be decomposed as the sum of three terms:

𝐿(𝑆) =
∑

1≤𝑖<𝑗≤𝑛

[
2𝑝1 − ||𝑥∗

𝑖 ||
2 − ||𝑥∗

𝑗 ||
2 + 𝛿

(
sign(𝑥∗

𝑖 ), sign(𝑥∗
𝑗 )

)]2
+

∑

1≤𝑖<𝑗≤𝑛

[
𝛿
(
𝑢∗

𝑖 , 𝑢
∗
𝑗

)]2

+
∑

1≤𝑖<𝑗≤𝑛

[
2𝑝1 − ||𝑥∗

𝑖 ||
2 − ||𝑥∗

𝑗 ||
2 + 𝛿

(
sign(𝑥∗

𝑖 ), sign(𝑥∗
𝑗 )

)][
𝛿
(
𝑢∗

𝑖 , 𝑢
∗
𝑗

)]
. (9)

The first term in (9) is actually Δ(1)(𝑆), where minimization ensures combinatorial orthogonality of the numer-
ical predictors. The second term corresponds exactly to Δ(2)(𝑆), and its minimization ensures combinatorial
orthogonality of the categorical predictors. The third term, representing the cross product, ensures combi-
natorial orthogonality between the numerical and categorical predictors. When setting 𝑝1 = 0 and 𝑝2 = 0,
respectively, 𝐿(𝑆) reduces to the discrepancy functions of balanced subsampling and OSS, which means that
these two subsampling methods are special cases of our MOST. Minimizing 𝐿(𝑆) reduces all three terms, thus
producing the optimal subdata. This discussion is supported by the following theorem.

Theorem 2. For an 𝑛 × (𝑝1 + 𝑝2) subdata set 𝑆, 𝐿(𝑆) attains its minimum if 𝑆 forms an MOA as defined in
Theorem 1.

Next, we propose an algorithm to approximate the optimal subdata by sequentially solving (8). We start with
the point (𝑥∗

1 , 𝑢
∗
1) with the maximum Euclidean norm in the numerical part and select the next 𝑛 − 1 points

step by step. Suppose we have already selected 𝑚 points for subdata 𝑆𝑚, then the (𝑚 + 1)th point is selected by

(𝑥∗
𝑚+1, 𝑢

∗
𝑚+1) = arg min

(𝑥,𝑢)∈𝐹
𝐿((𝑥, 𝑢)|𝑆𝑚),

where

𝐿((𝑥, 𝑢)|𝑆𝑚) =
∑

(𝑥∗
𝑖 ,𝑢∗

𝑖 )∈𝑆𝑚

[
2𝑝1 − ||𝑥||2 − ||𝑥∗

𝑖 ||
2 + 𝛿

(
sign(𝑥), sign(𝑥∗

𝑖 )
)
+ 𝛿

(
𝑢, 𝑢∗

𝑖
)]2

is the discrepancy introduced by adding (𝑥, 𝑢) to 𝑆𝑚, and the minimization is over (𝑥, 𝑢) ∈ 𝐹 ⧵ 𝑆𝑚. Because
𝐿((𝑥, 𝑢)|𝑆𝑚) = 𝐿((𝑥, 𝑢)|𝑆𝑚−1) + 𝓁((𝑥, 𝑢)|(𝑥∗

𝑚, 𝑢∗
𝑚)), and we have calculated 𝐿((𝑥, 𝑢)|𝑆𝑚−1) when searching for

(𝑥∗
𝑚, 𝑢∗

𝑚) at the 𝑚th iteration, we only need to compute

𝓁((𝑥, 𝑢)|(𝑥∗
𝑚, 𝑢∗

𝑚)) =
[
2𝑝1 − ||𝑥||2 − ||𝑥∗

𝑚||2 + 𝛿(sign(𝑥), sign(𝑥∗
𝑚)) + 𝛿(𝑢, 𝑢∗

𝑚)
]2

(10)

at the (𝑚 + 1)th iteration. The computational complexity of each iteration is 𝑂(𝑁(𝑝1 + 𝑝2)). To reduce the
computation, we retain only 𝜅𝑚 points in 𝐹 ⧵ 𝑆𝑚 with the smallest values of 𝐿((𝑥, 𝑢)|𝑆𝑚), discarding all other
data points so they will not be considered in the (𝑚 + 2)th iteration.

The parameter 𝜅𝑚 controls the number of points retained in 𝐹 ⧵ 𝑆𝑚. A larger value of 𝜅𝑚 generally improves
the quality of the subdata but increases the computational cost, whereas a smaller 𝜅𝑚 reduces the computa-
tion time at the risk of suboptimal performance. Therefore, 𝜅𝑚 serves as a tuning parameter that balances
statistical accuracy against computational efficiency. When 𝑁 ≫ 𝑛, many candidate points can be efficiently
discarded, and we set 𝜅𝑚 = 𝑁∕𝑚, which is much smaller than 𝑁. Otherwise, only a limited number of points
can be excluded. In this case, we set 𝜅𝑚 = 𝑁∕𝑚𝑟−1, where 𝑟 = log(𝑁)∕ log(𝑛). As demonstrated in our simula-
tion and real-data studies, this choice yields favourable estimation and prediction accuracy while keeping the
computational cost reasonable. Furthermore, this selection strategy is consistent with the practical guidance
suggested in the OSS algorithm (Wang, 2026). The complete procedure of the MOST algorithm is summarized
in Algorithm 1.

Remark 1. When 𝑁 ⩾ 𝑛2, 𝜅𝑚 = 𝑁∕𝑚 data points are retained in the 𝑚th iteration, requiring 𝑂(𝑁(𝑝1 +
𝑝2)∕𝑚) time to compute (𝑥∗

𝑚+1, 𝑢
∗
𝑚+1), so the complexity of the subsampling process in Algorithm 1 is

𝑂(𝑁(𝑝1 + 𝑝2)∕1) + · · · + 𝑂(𝑁(𝑝1 + 𝑝2)∕𝑛) = 𝑂(𝑁(𝑝1 + 𝑝2) ln 𝑛). When 𝑁 ⩽ 𝑛2, 𝜅𝑚 = 𝑁∕𝑚𝑟−1 points are
retained in the 𝑚th iteration, and the complexity becomes 𝑂(𝑁(𝑝1 + 𝑝2)∕1) + · · · + 𝑂(𝑁(𝑝1 + 𝑝2)∕𝑛𝑟−1) =
𝑂(𝑁(𝑝1 + 𝑝2)(𝑛2−𝑟 − 1)∕(2 − 𝑟)). Notably, the subsampling complexity of MOST does not depend on the
levels of the categorical predictors 𝑞𝑗 , which can be a considerable advantage in scenarios in which
some 𝑞𝑗 are large. In comparison, the subsampling process of IBOSS carries a complexity of 𝑂(𝑁𝑝), with
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Algorithm 1. MOST

Input: Full data 𝐹 = {(𝑥𝑖, 𝑢𝑖, 𝑦𝑖)}𝑁𝑖=1,subdata size 𝑛
Output: The subdata-based OLS estimator of 𝛽∗

Scale values of each numerical predictor to [−1, 1]
Select 𝑆1 ← (𝑥∗

1 , 𝑢
∗
1) which has the largest Euclidean norm in 𝐹

Calculate 𝓁((𝑥, 𝑢)|𝑆1) by (10), for all (𝑥, 𝑢) ∈ 𝐹 ⧵ 𝑆1
for 𝑚 = 1 to 𝑛 − 1 do

(𝑥∗
𝑚+1, 𝑢

∗
𝑚+1) ← arg min

(𝑥,𝑢)∈𝐹⧵𝑆𝑚
𝐿 ((𝑥, 𝑢)|𝑆𝑚)

{
𝑆𝑚+1, 𝑦∗

𝑚+1
}
← {𝑆𝑚, 𝑦∗

𝑚}
⋃ {(

𝑥∗
𝑚+1, 𝑢

∗
𝑚+1, 𝑦

∗
𝑚+1

)}

if 𝑁 ⩾ 𝑛2 then
𝜅𝑚 = 𝑁∕𝑚

else
𝜅𝑚 = 𝑁∕𝑚𝑟−1, where 𝑟 = ln(𝑁)∕ ln(𝑛)

end if
Keep 𝜅𝑚+1 points in 𝐹 ⧵ 𝑆𝑚+1 with 𝜅𝑚+1 smallest components in 𝐿 ((𝑥, 𝑢)|𝑆𝑚)
Compute 𝐿 ((𝑥, 𝑢)|𝑆𝑚+1) ← 𝐿 ((𝑥, 𝑢)|𝑆𝑚) + 𝓁

(
(𝑥, 𝑢)|(𝑥∗

𝑚+1, 𝑢
∗
𝑚+1)

)

end for
Let 𝑍𝑆 be the variable obtained by a dummy coding of the categorical part of 𝑆𝑛 and 𝑦𝑆 = 𝑦∗

𝑛. Estimate the
coefficient 𝛽 using

𝛽∗ = (𝑍⊤
𝑆 𝑍𝑆)−1𝑍⊤

𝑆 𝑦𝑆. (11)

𝑝 = 1 + 𝑝1 +
∑𝑝2

𝑗=1(𝑞𝑗 − 1), while LEV’s subsampling step requires 𝑂(𝑁𝑝2) when using singular value
decomposition (SVD) to compute leverage scores.

Remark 2. In the special case where many of the categorical predictors have many levels, so that the total
number of dummy variables

∑𝑝2
𝑗=1(𝑞𝑗 − 1) is large relative to 𝑝1 + 𝑝2, the expanded matrix 𝑍 becomes high

dimensional and sparse. Each observation contains at most one nonzero indicator per categorical predictor,
so the number of nonzero entries in 𝑍, denoted by nnz(𝑍), is approximately 𝑁(𝑝1 + 𝑝2 + 1). In this case,
the OLS problem can be accelerated using iterative Krylov methods such as least squares QR decomposition
(LSQR; Paige and Saunders, 1982) and least squares minimal residual decomposition (LSMR; Fong and Saun-
ders, 2011). Each iteration requires one multiplication by 𝑍 and one by 𝑍⊤, yielding 𝑂(nnz(𝑍)) cost per iteration
and 𝑂(𝜏 ⋅ nnz(𝑍)) total time to reach a target tolerance, where 𝜏 is the number of iterations required for conver-
gence. If the only objective is to speed up computation when all responses of the full data are observed, these
iterative solvers can be a competitive alternative to subsampling. However, if the primary objective is to select
subdata for labelling (measurement-constrained problem), subsampling remains necessary. In this case, the
computational complexity of MOST and IBOSS is unchanged. For LEV, sparsity can reduce the cost of score
computation when leverage scores are approximated using sparse operations, but exact leverage scores require
a sparse QR or singular value decomposition whose fill-in can make the runtime superlinear in nnz(𝑍) and, in
the worst case, approach dense 𝑂(𝑁𝑝2) time (Holodnak et al., 2015; Davis et al., 2016).

4 Simulation studies
In this section, we conduct simulation studies to evaluate the performance of the MOST algorithm. We consider
several different combinations of (𝑝1, 𝑝2), where 𝑝1 denotes the number of numerical predictors and 𝑝2 denotes
the number of categorical predictors, which have 𝑞𝑗 = 𝑗 + 1 levels for 𝑗 = 1, … , 𝑝2. Specifically, we examine the
settings (𝑝1, 𝑝2) = (50, 5), (10, 1), (5, 10), and (100, 5) to show the robustness under different scenarios. To avoid
overloading the article, we focus on the setting (50, 5) here and defer the additional results to the Supplementary
Material. The following cases are examined to generate the design matrix for the full dataset.

Case 1. The numerical predictors are independent and have a multivariate uniform distribution: 𝑥𝑖𝑘 ∼
𝑈[−1, 1], 𝑘 ∈ {1, … , 𝑝1}. The categorical predictors are independent, and for each predictor, the 𝑞𝑗 levels
have probabilities 1∕𝑞𝑗 .
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8 of 14 ZHU, WANG, AND SUN

Figure 1: The log10(MSE) of the estimated parameters for different subdata sets of size 𝑛. The full data size is
𝑁 = 5 × 104.

Case 2. The numerical predictors are generated in the same way as in Case 1. The categorical predictors
follow the multivariate normal distribution: 𝑢𝑖 ∼ 𝑁(0, Σ), with

Σ =
(
0.5𝐼(𝑘≠𝑘′)

)
, (12)

where 𝐼(𝑘 ≠ 𝑘′) is equal to 0 if 𝑘 = 𝑘′ and 1 otherwise. Discretize [−3, 3] to 𝑞𝑗 intervals of equal length,
and let 𝑢𝑖𝑗 = 𝑡 if 𝑢𝑖𝑗 falls into the 𝑡th interval. Let 𝑢𝑖𝑗 = 1 if 𝑢𝑖𝑗 < −3 and 𝑢𝑖𝑗 = 𝑞𝑗 if 𝑢𝑖𝑗 > 3.

Case 3. The numerical predictors have a multivariate normal distribution: 𝑥𝑖 ∼ 𝑁(0, Σ), where Σ is
defined in (12). The categorical predictors are generated in the same way as in Case 2.

The response data are generated from the linear model (1) with the true value of 𝛽 being a vector of unity,
which includes an intercept, 50 slope parameters for numerical predictors, and

∑5
𝑗=1(𝑞𝑗 − 1) = 15 slope param-

eters for the categorical predictors. The error term is 𝜀𝑖 ∼ 𝑁(0, 1). The simulation is repeated 𝐵 = 200 times.
We compare MOST with three different subsampling methods: UNIF (uniform subsampling), LEV, and IBOSS.
Since LEV and IBOSS cannot be directly applied to mixed-type predictors, they are instead applied to the matrix
combining the numerical predictors and the dummy-coded variables of the categorical predictors. In the 𝑏th
repetition, 𝑏 = 1, … , 200, we select subdata using each subsampling method, train model (1), and compute the
OLS estimator 𝛽∗(𝑏). The empirical MSE of 𝛽∗ is then calculated as

MSE = 𝐵−1
𝐵∑

𝑏=1
||𝛽∗(𝑏) − 𝛽||2. (13)

Figure 1 plots the estimation performance of the different subsampling methods for various subdata sets
of sizes 𝑛 = 103, 1.5 × 103, 2 × 103, and 2.5 × 103, with the full dataset size being size 𝑁 = 5 × 104. In all three
cases, MOST consistently exhibits smaller estimation errors than the other subsampling methods, although
the MSEs for all four methods decrease at the same rate as 𝑛 increases. Notably, the superiority of MOST is
more pronounced in Cases 2 and 3 than in Case 1. In Case 2, where the categorical predictors are derived
from a correlated normal distribution, the combinatorial orthogonality achieved by MOST in selecting subdata
enhances the estimation performance. In Case 3, where both the categorical and numerical predictors exhibit
correlations, the advantage of MOST becomes even more evident.

Figure 2 evaluates the performance of the subsampling methods as the full data size increases, with 𝑁 =
5 × 103, 104, 105, and 5 × 105, and a fixed subdata size of 𝑛 = 4 × 103. MOST consistently exhibits smaller MSEs
than the subdata sets derived from the other methods. Notably, only MOST shows a decrease in MSE as the
full dataset size 𝑁 increases. This trend highlights that MOST effectively extracts more information from larger
full data, leading to improved estimation accuracy. In contrast, while IBOSS also shows this trend for datasets
containing only numerical predictors, its efficiency is significantly reduced in mixed-type data containing both
categorical and numerical predictors, with performance inferior to LEV. This is because the extreme-value rule
of IBOSS can cluster similar dummy patterns and affect the conditioning of 𝑍⊤

𝑆 𝑍𝑆, whereas leverage-based
sampling uses joint geometry and selects boundary points in the dummy space.
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OPTIMAL SUBSAMPLING FOR MIXED-TYPE PREDICTORS 9 of 14

Figure 2: The log10(MSE) of the estimated parameters for different full data of size 𝑁. The subdata size is
𝑛 = 4 × 103.

Figure 3: The log10(MSPE) of test data response for different subdata sets of size 𝑛. The full data size is
𝑁 = 5 × 104.

To demonstrate the predictive performance with the MOST subdata, we generate independent test data of
size 𝑁𝑡𝑒𝑠𝑡 = 105 for each case and obtain the predicted response from the model trained on each subdata set.
We calculate the mean squared predictive errors (MSPE) of the prediction from

MSPE = 1
𝐵𝑁𝑡𝑒𝑠𝑡

𝐵∑

𝑏=1
||𝑌̂(𝑏) − 𝑌𝑡𝑒𝑠𝑡||2, (14)

where 𝑌𝑡𝑒𝑠𝑡 is the vector of observed responses for the test data, and 𝑌̂(𝑏) is the vector of predicted responses
in the 𝑏th repetition. Figure 3 displays the predictive performance of the different subsampling methods, mea-
sured by MSPE, as the subdata set sizes increase across three cases. Although the MSPEs of all the methods
generally decrease with larger subdata set sizes, MOST consistently achieves the lowest MSPE. This indicates
that MOST selects subdata with superior predictive performance.

We further examine the predictive performance of MOST as the full data size increases, as shown in Figure 4.
MOST consistently exhibits smaller MSPEs than the other subdata. Although IBOSS exhibits a decreasing trend
in Case 3, likely due to an increase in extreme numerical values, the balance between the categorical and numer-
ical predictors in the MOST subdata sets yields more accurate predictions. As a result, MOST maintains its
superiority with a rapidly declining trend of MSPE.

Tables 1 and 2 compare the computation times (including subsampling and computing estimators). The
predictors are generated as in Case 1. Each reported time is the average CPU time of 200 repetitions. All com-
putations are carried out on a laptop running Windows 11 Pro with an Intel Core i7-1280P processor and 32GB
memory. As indicated in Table 1, when the 𝑞𝑗 values are relatively small, as in the above simulation stud-
ies, MOST runs faster than LEV but slower than IBOSS. Meanwhile, Table 2 shows that as 𝑞𝑗 increases, the
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10 of 14 ZHU, WANG, AND SUN

Figure 4: The log10(MSPE) of test data response for different full data of size 𝑁. The subdata size is 𝑛 = 4 × 103.

Table 1: CPU times (in seconds) of subsampling methods with 𝑛 = 1000 and 𝑞𝑗 = 𝑗 + 1.

Method UNIF LEV IBOSS MOST

𝑁 = 104 0.048 0.120 0.078 1.048
𝑁 = 105 0.480 1.412 0.836 2.880
𝑁 = 5 × 105 1.381 9.946 2.747 7.701

Table 2: CPU times (in seconds) of subsampling methods with 𝑛 = 1000 and 𝑁 = 106.

Method UNIF LEV IBOSS MOST

𝑞𝑗 = 𝑗 + 1 2.545 12.341 4.133 13.533
𝑞𝑗 = 5 × (𝑗 + 1) 3.312 48.980 7.967 13.208
𝑞𝑗 = 10 × (𝑗 + 1) 4.466 137.345 13.412 13.508
𝑞𝑗 = 20 × (𝑗 + 1) 7.682 431.101 25.532 13.594

computation time for MOST remains unchanged while the times for IBOSS and LEV increase and eventually
become much higher than that of MOST.

5 Real data analysis—Diamonds data
We evaluate the performance of MOST by analyzing the diamond dataset, which records 53,940 features of dia-
monds, facilitating the analysis of various factors that affect diamond prices. More information on the dataset
can be found at https://www.kaggle.com/datasets/shivam2503/diamonds/. Our focus is on examining
the relationship between the diamond price (𝑦) and six continuous numerical features: weight (𝑥1), total depth
percentage (𝑥2), width of the top of the diamond relative to its widest point (𝑥3), length (𝑥4), width (𝑥5), and
depth (𝑥6), as well as three categorical features: cut quality (𝑢1), colour (𝑢2), and clarity (𝑢3), which have 𝑞1 = 5,
𝑞2 = 7, and 𝑞3 = 8 levels, respectively. Given the skewed distribution of the weight and price of diamonds, we
perform a logarithmic transformation on 𝑥1 and 𝑦. Following the application of dummy coding to the three
categorical predictors, we consider fitting the data using the model below:

𝑦𝑖 = 𝛽0 + 𝛽1𝑥𝑖1 + 𝛽2𝑥𝑖2 + 𝛽3𝑥𝑖3 + 𝛽4𝑥𝑖4 + 𝛽5𝑥𝑖5 + 𝛽6𝑥𝑖6

+
4∑

𝑘=1
𝛽1𝑘𝑢𝑖,1𝑘+

6∑

𝑘=1
𝛽2𝑘𝑢𝑖,2𝑘+

7∑

𝑘=1
𝛽3𝑘𝑢𝑖,3𝑘 + 𝜀𝑖, 𝑖 ∈ {1, … , 53940}.

We consider subdata sizes 𝑛 = 280, 350, 420, and 490 and evaluate subsampling methods by computing the
difference between the estimator obtained from the subdata and that from the full data. Let

𝛽 = (𝛽0, 𝛽1, 𝛽2, 𝛽3, 𝛽4, 𝛽5, 𝛽6, 𝛽11, … , 𝛽14, 𝛽21, … , 𝛽26, 𝛽31, … , 𝛽37)⊤.
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Figure 5: Squared error (SE) of estimated parameters for different subsampling methods.

Table 3: CPU times (in seconds) of subsampling methods with 𝑛 = 490 for the real data study.

Method UNIF LEV IBOSS MOST

Time 0.049 0.145 0.096 0.106

We consider the squared error (SE)
𝑆𝐸 = ||𝛽∗ − 𝛽||2,

where 𝛽 is the OLS estimator of the parameters based on the full data, and 𝛽∗ is the estimator based on the
subdata. For the UNIF and LEV methods, being random subsampling techniques, we repeat the process 200
times and compute the average SE. MOST and IBOSS are deterministic methods and are executed only once.
Figure 5 plots the SE for the different subsampling methods, which demonstrates the superior performance of
MOST in minimizing SE across all subdata sizes.

Table 3 shows the CPU times of the different subsampling methods for 𝑛 = 490. Because the subdata
size 𝑛 is relatively small, MOST exhibits a computation time comparable to IBOSS, and both are faster
than LEV.

6 Conclusion
In this article, we introduced a novel subsampling algorithm, MOST, designed to handle both numerical
and categorical predictors. By leveraging principles from experimental design to maintain combinatorial
orthogonality, MOST effectively ensures the approximately 𝐷- and 𝐴-optimality of the selected subdata. Exten-
sive simulation studies and a real-world application confirmed that MOST consistently outperforms existing
methods in minimizing the MSE of parameter estimation. Moreover, beyond its robustness in parameter
estimation, MOST also exhibits strong predictive accuracy, making it a comprehensive tool for regression
analysis in large-scale mixed-type data settings.

Beyond existing studies, our work made three distinctive contributions. First, we established the
optimality of 𝑀𝑂𝐴(𝑛, 2𝑝1𝑞1 · · · 𝑞𝑝2 , 2) under mixed-type data and demonstrated its effectiveness in min-
imizing the deviation function, thereby providing a solid theoretical foundation for algorithm design.
Second, we proposed a new discrepancy function that accommodates both numerical and categorical
predictors, ensuring that the selected subdata better approximates an MOA. Finally, numerical results con-
sistently showed that MOST outperforms algorithms developed for single-type data in both estimation and
prediction.

Although in this article we assumed binary dummy coding for categorical predictors, all theoretical results
remain valid under any nonsingular coding scheme, such as orthogonal coding frameworks. This flexibility
ensures that the superiority of a balanced subsample does not depend on the specific coding system. The
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core advantage of MOST lies in its capacity to preserve combinatorial orthogonality, which is invariant under
nonsingular transformations of the predictor space. This generalizability further reinforces the broad applica-
bility and robustness of the proposed method.

We focus on MOAs of strength 2. Understanding how other design properties, especially higher strengths,
affect theoretical guarantees and empirical performance is an important direction. Higher strengths provide
better coverage of interactions and can reduce bias in models that include higher order terms, but they typically
require larger arrays. Because our goal is to estimate main effects under subsampling, strength 2 is sufficient
to balance the main effects in this study.

Several aspects of this study warrant further investigation. First, we focused on continuous response vari-
ables for simplicity, yet categorical response variables also arise frequently in practice. Developing design-
based subsampling methods that address the unique challenges posed by categorical predictors and categorical
responses is therefore an important direction for future work. Second, real-world datasets often contain missing
values, resulting in sparse and incomplete data. Designing subsampling methods that effectively accommodate
sparsity and missingness in the presence of categorical predictors remains a compelling direction for further
research.

Data sharing
The data used in this article were obtained from public domain resources via available in Kaggle https://www
.kaggle.com/datasets/shivam2503/diamonds/. R source code to implement the proposed method is pro-
vided at https://github.com/zhu1137/MOST/.
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